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Techniques of the theory of nonautonomous

differential systems can be used to study va-

rious control-theoretic problems.

• Linear Regulator Problem (with infinite ho-

rizon) and Kalman-Bucy filter

• Linear Nonautonomous H∞ Control (with

infinite horizon)

• Yakubovich Frequency Theorem

– Absolute Stability

– Dissipative Systems

In this talk, we will discuss the nonautonomous

version of the Yakubovich theorem, and an ap-

plication to dissipative linear-quadratic control

systems. This theorem was stated and applied

by Yakubovich for periodic control systems.
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Consider a linear control system

x′ = A(t)x+B(t)u x ∈ Rn, u ∈ Rm (1)

together with a quadratic form

Q(t, x, u) =
1

2
{< x,G(t)x > +2 < x, g(t)u > +

+ < u,R(t)u >}

where A,B,G, g,R are bounded, uniformly con-

tinuous matrix-valued functions. It is assumed

that G(·) ∈ Sn, R(·) ∈ Sm, and that R(t) > 0 for

all t ∈ R. It is not assumed that Q is positive

semidefinite, indeed one might be interested in

the case g = 0 and G < 0. It is assumed that

the system (1) is uniformly controllable. This

implies exponential stabilizability of (1).
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The problem is to determine x(·), u(·) which

minimize Iω, subject to (1ω).

Let us introduce a Bebutov flow (Ω, {τt}) and

pass to families (1ω) and Qω(t, x, u)(ω ∈ Ω).

Thus Ω is the closure of the set of t− transla-

tes (A(∗+ t), B(∗+ t) of the pair (A(∗), B(∗))

in the compact-open topology, and τt is defi-

ned to be the t− translation. For each ω ∈ Ω

consider the functional

Iω =
∫ ∞

0
Qω(t, x(t), u(t))dt.
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Yakubovich considered the case when the func-

tions A,B,G, g,R are all T -periodic for some

T > 0. He used the Pontryagin principle to

convert the study of (1) and Q into the stu-

dy of a periodic Hamiltonian system. Then

he showed that the minimization problem is

solvable if and only if the Hamiltonian system

satisfies

• a Frequency Condition FR

• a Nonoscillation Condition NO

He also indicated a number of other important

statements which are equivalent to FR + NO.
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We indicate how his discussion can be genera-

lized to the case when A,B,G, g,R are boun-

ded and uniformly continuous. For each ω ∈ Ω

introduce the Hamiltonian

Hω =< y, x′ > −Q(t, x, u),

then write the Hamilton equatrions

x′ =
∂Hω

∂y

y′ = −
∂Hω

∂x
.

By the Pontryagin Principle one has that, if u ∈
L2([0,∞),Rm) is a minimizing control, and if

x ∈ L2([0,∞),Rn) is the corresponding solution

of (2ω), then

∂Hω

∂u
= 0,

which implies the feedback rule

u = R−1(Bty − gtx).
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So it turns out that the Hamiltonian equations

are

Jz′ =

(
−Q At − gR−1Bt

A−BR−1gt BR−1Bt

)
z (2ω)

where all functions have argument τt(ω). Here

Q = G − gR−1gt and z =

(
x
y

)
. We write Φ(t)

or Φω(t) for the fundamental matrix solution

of (2ω).

We introduce the conditions FR and NO which

allow one to solve the minimization problem,

and allow one to verify other results as well.
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FR For each ω ∈ Ω, the equation (2ω) does

not admit a nontrivial bounded solution.

In the periodic case, the FR condition is equi-

valent to the condition that the period matrix

Φ(T ) of (2) does not admit an eigenvalue of

modulus 1.

In the general nonautonomous case, the condi-

tion FR implies that the family (2ω) admits an

exponential dichotomy over Ω. This is a con-

sequence of a well-known result of Sacker-Sell

and Selgrade.
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Definition The family (2ω) is said to have an

exponential dichotomy (ED) over Ω if there

exist constants K > 0, γ > 0 and a projection-

valued function ω → Pω = P2
ω ∈ M2n such that

‖Φω(t)PωΦω(s)−1‖ ≤ Ke−γ(t−s) t ≥ s

‖Φω(t)(I − Pω)Φω(s)−1‖ ≤ Keγ(t−s) t ≤ s.

For each ω ∈ Ω, let Pω be the dichotomy pro-

jection, and let λω = ImPω ⊂ R2n be its image.

It turns out that dimλω is automatically equal

to n. In fact, λω is a Lagrange plane in the

sense that, if z1, z2 ∈ λω, then < z1, Jz2 >= 0.
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We now formulate the nonoscillation condition

in a geometric way:

NO For each ω ∈ Ω, λω does not contain a

vector of the form

(
0
y

)
where 0 6= y ∈ Rn.

Thus λω contains no “vertical” vector.

The NO condition can often be reformulated

in terms of the Lidskii-Yakubovich angles. For

example, let ω ∈ Ω, and write

Φω(t) =

(
U1(t) U2(t)
V1(t) V2(t)

)
.

Then set Arg3(t) = arg det(U1(t)+iU2(t)) whe-

re the arg is determined in a continuous way.

Then under mild conditions on Ω, the condi-

tion NO is implied by the condition that Arg3(t)

be bounded for each ω ∈ Ω.
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This can be verified by using the rotation number

for linear Hamiltonian systems (J.-Nerurkar, Novo-

Núñez-Obaya, Fabbri-J.-Núñez). One can of-

ten restate NO as follows: “the rotation num-

ber of the family (2ω) equals zero”.

Before stating the nonautonomous version of

the Yakubovich theorem, we need to make two

observations.

First, let λω = ImPω ⊂ R2n. Since λω contains

no vertical vector

(
0
y

)
, there exists an n × n

symmetric matrix mω ∈ Sn such that

λω = Span

{(
e1

mω · e1

)
, . . .

(
en

mω · en

)}
.
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Without justifying the terminology, we call mω

the Weyl m-matrix of the system (2ω). If one

fixes ω ∈ Ω and introduces the map

m : t→ mτt(ω) : R→ Sn, then this map satisfies

the Riccati equation

dm

dt
+ [A− gR−1gt]m+m[A−BR−1gt]+

+mBR−1Btm = G− gR−1gt (3ω)

where the functions A,B,G, g,R are evaluated

along the orbit {τt(ω)}.

Second, suppose that, for some ω ∈ Ω, the mi-

nimization problem is solvable for each x0 ∈ Rn.

The minimizing control u0 determines unique-

ly an initial value y0 of the dual variable y. It

turns out that the set

{(
x0
y0

)
| x0 ∈ Rn

}
⊂ R2n

is a Lagrange plane λ̃ω.
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Theorem (Fabbri-J.-Núñez) Suppose that the

functions A,B,G, g,R are bounded and uniform-

ly continuous, and that R > 0. Suppose that

the control system (1ω) is locally null con-

trollable for each ω ∈ Ω. Then the following

statements are equivalent.

(A) For each ω ∈ Ω, the problem of minimizing

Iω subject to (1ω) admits a solution for

each x0 ∈ Rn. Let λ̃ω be the corresponding

Lagrange plane; then ω → λ̃ω is continuous.

(B) The conditions FR and NO hold for the

family of Hamiltonian systems (2ω).

(C) There is a continuous function Ω → Sn :

ω → mω with the following properties.
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First, for each ω ∈ Ω, the function m :

R → Sn defined by t → mτt(ω) satisfies the

Riccati equation (3ω). Second, if one sets

y = mωx, and then sets

u = R−1(Bty − gtx) = R−1(Btm− gt)x,

then the equation

x′ = Ax+Bu = [A+BR−1(Btm− gt)]x

is uniformly exponentially stable.

(D) There exist a positive number δ and a con-

tinuous function m : Ω→ Sn such that, for

each ω ∈ Ω, the Lyapunov function

Vω(t, x) =< x,m(τt(ω))x >

satisfies

dVω

dt
≤ 2Qω(t, x, u)− δ(|x(t)|2 + |u(t)|2)
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for each continuous function u : [0,∞) →

Rm. The derivative is calculated using equa-

tion (1ω).

(E) The functional Iω is positive definite on

the set of pairs (x, u) ∈ L2([0,∞),Rn) ×

L2([0,∞),Rm) which satisfy x(0) = 0. Thus

∃δ > 0 such that for all such pairs and all

ω ∈ Ω:∫ ∞
0
Qω(t, x(t), u(t))dt ≥ δ

∫ ∞
0

(|x(t)|2+|u(t)|2)dt
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It will come as no surprise that the function

ω → mω encountered in parts (C) and (D) of

the above theorem is just the Weyl function.

Let us now consider an application which is ba-

sed on a recent paper of Yakubovich-Fradkov-

Hill-Proskurnikov. That paper considers dissi-

pative control systems and their storage func-

tions.

We recall some definitions. Consider again the

control system

x′ = A(t)x+B(t)u. (1)

Let

Q(t, x, u) =
1

2
{< x,Gx > + < x, gu > + < u,Ru >}

be a quadratic functional with R > 0.
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The system (1) is said to be dissipative with

supply rate Q if whenever x(0) = 0 and (x, u)

satisfies (1), then∫ t
0
Q(s, x(s), u(s))ds ≥ 0 for all t ≥ 0.

It is strictly dissipative if there exists δ > 0 such

that, whenever x(0) = 0 and (x, u) satisfies

(1), then∫ t
0
Q(s, x(s), u(s))ds ≥ δ

∫ t
0

(|x(s)|2 + |u(s)|2)ds

∀t ≥ 0.
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So if Q represents power, then the system (1)

dissipates energy. Note that, in general, the

quadratic form Q will take on negative as well

as positive values.

Next, one says that the system (1) admits a

storage function V with supply rate Q if V (t, x) ≥

0, V (t,0) = 0, and∫ t2
t1
Q(s, x(s), u(s))ds ≥ V (t2, x(t2))−V (t1, x(t1))

for all pairs (x, u) satisfying (1). The func-

tion V is called a strong storage function if in

addition V (t, x) > 0 whenever x 6= 0.
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Now suppose as before that A,B,G, g,R are all

uniformly continuous and bounded, and intro-

duce the Bebutov flow (Ω, {τt}) together with

the corresponding functions A,B,G, g,R which

are defined over Ω. Thus for each ω ∈ Ω, the

control system (1ω) has the supply rate Qω.

Suppose that the conditions FR and NO are

satisfied. Let mω be the Weyl matrix of the

system (2ω).

From part (E) of the previous theorem, we see

that, for each ω ∈ Ω, the system (1ω) is strictly

dissipative with supply rate Qω.
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From part (D) of the theorem, we see that,

if 2Vω(t, x) =< x,mτt(ω)x > and if the Weyl

matrix mω is positive definite for each ω ∈ Ω,

then Vω is a strong storage function for (1ω)

which corresponds to the supply rate Qω.

However this is not the end of the story. We

can generalize a result of Y- F- H- P, as follows.

Let Pω be the dichotomy projection correspon-

ding to the system (2ω). Let λ−ω = KernPω =

Im(I − Pω). When FR and NO are valid, it

turns out that λ−ω contains no vertical vector(
0
y

)
, 0 6= y ∈ Rn.
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If ω ∈ Ω we can write

λ−ω = Span

{(
e1

m−ω · e1

)
, . . . ,

(
en

m−ω · en

)}
where m−ω is an n × n symmetric matrix. One

can prove that, in the sense of symmetric ma-

trices, there holds

m−ω > mω (ω ∈ Ω).

Fact If (1ω) is strictly dissipative for each ω ∈

Ω, then m−ω is positive definite for each ω ∈ Ω.

In this case V −ω (t, x) =< x,m−ω (t)x > is a strong

storage function for (1ω) corresponding to the

supply rate Qω.
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